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Notes on John Napier and the book

John Napier was born into a leading, prominent family of Scottish lairds (wealthy landowners). The family 
surname is seen in early documents as Napeir, Nepair, Nepeir, Neper, Napare, Naper, Naipper and the present-day 
Napier. Little is known about John Napier’s childhood and youth. He enrolled at St. Andrews University at the 
age of thirteen, but there is no record that he ever graduated. Napier later wrote that his fervent interest in theology 
was kindled at St. Andrews. It is probable that he left St. Andrews to study in Europe, and it must have been there 
that he acquired his knowledge of higher mathematics and his taste for classical literature.

In 1572, just about the time of his marriage, Napier received title to the family estates. When time permitted 
from the daily running of his estates, John Napier played an active role in the Scottish Protestant reform movement. 
What time he had left he used to study mathematics. He is best known today for his invention of logarithms, but 
in his own time he was best known for his religious commentaries.

After he had published his logarithms, Napier published this small work on his Rabdologiae or, as they are 
better known, Napier’s rods or Napier’ bones. The devices were simple to use and quickly gained popularity. This 
work went through many different editions and was translated from the original Latin into all the major European 
languages. Examples of Napier’s bones could be found, only a few years later, in such distant places as China and 
Japan. The basic concept of the bones was rapidly developed into a variety of forms ranging from inscribed circles 
and cylinders to metallic components in twentieth century calculating machines.

This work contains not only the description of the bones but also Napier’s more sophisticated Multiplicationis 
promptuario and his binary-based chessboard calculation system.
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General notes on the condition of older books

Books as old as this usually suffer from some problems just because of the wear they have been subjected 
to over the many years of their existence. One usually noticeable condition item is known as browning or foxing 
of the paper - usually brown or yellow areas due to the chemical action of a micro-organism on the paper. This 
can vary dramatically from page to page, often depending on such variables as the contents of the paper used, the 
composition of the ink used by the printer, and the dampness (or lack of) that the work has been exposed to over 
the years. Where these images were badly foxed, some slight manipulation of the intensity of the colors has been 
done to ease the reading of the foxed page. Any other notable condition problem will be commented upon near 
the image concerned.

Use of these notes and images

This fi le has been made available by the generosity of Erwin Tomash and the Tomash Library. It is free for 
use by any interested individual, providing that no commercial use is made of its contents and any non commercial 
use acknowledges the source. The notes and illustrations have been produced by Erwin Tomash and Michael R. 
Williams, both of whom beg forgiveness for any errors that they might have made.

© 2009 by Erwin Tomash and Michael R. Williams. All rights reserved.
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Front paste-down endpaper with the label of the Tomash Library.

Recto of the front free endpaper.

Much of the commentary on the following pages is based on several translated sources and on our own 
work. The major work used was

Napier, John, Rabdology, Translated by William Frank Richardson, Charles Babbage Institute 
Reprint Series for the History Of Computing, Vol. 15. MIT Press (Cambridge, Mass., 1990).

To acknowledge each or the other sources would require another volume so we hope that the various 
authors will forgive our omissions in this regard.
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Verso of the front free endpaper.

Title page:
Rabdologiae, or the calculation with rods in two books.
With an appendix on a useful device for multiplication.
And one book on local arithmetic.
by the author and inventor, John Napier, Baron of Merchiston, a Scotsman.
Edinburgh
Published by Andrew Hart, 1617
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Verso of the title page

Napier dedicates this book to Alexander Sutton, the Chancellor of Scotland.

He indicates that he has recently published his book on logarithms. However he has now discovered a new type 
of logarithm (the base 10 logs) but because of ill health (he suffered from gout among other things) he is leaving 
the work of calculating them to his good friend Henry Briggs, a professor of geometry in London.

He has, at the urging of Sutton decided to publish this small book on three different methods of calculation. The 
fi rst uses rods engraved with numbers, the second (his Promptuary of Multiplication) uses strips arranged in a 
box, and the third performs arithmetic on a chess board. He mentions that Sutton thought so much of the little 
rods that he had a set made. Rather than making them out of paper  or wood, Sutton had them made them out of 
silver.
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It was common in books of this era to include a poem or two about the author or the subject matter. The fi rst 
of these lauds Napier for the inventions, the second (by Patrick Sandys) mentions the rods and the third (by 
Andrew Young) indicates that the methods (the rods) are accurate, quick, and useful. Andrew Young was a 
Professor of Philosophy at the University of Edinburgh and, in 1620, he was also appointed as the fi rst Professor 
of Mathematics at that same institution. Both authors also wrote poems for Napier’s book on logarithms (see the 
fi le for Napier’s Descriptio, 1614).

Here follows the Table of Contents:
The fi rst book: The rods and their uses
 Chapter I: How the rods are made ............................ 1
 Chapter II: How to set up and read the rods ............. 10
 Chapter III: Multiplication ........................................ 15
 Chapter IV: Division ................................................. 18
 Chapter V: The rods for extracting square roots ....... 23
 Chapter VI: Finding square roots .............................. 25
 Chapter VII: Finding cube roots ............................... 29
 Chapter VIII: A shortcut for cube roots .................... 35
 Chapter IX: The direct and inverse rule of three....... 38
The second book: Using the rods in geometry and mechanical problems with some tables
 Chapter I: Description of the tables .......................... 43
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 Chapter II: Finding the length of a side and area of a polygon (table 1) ............................. 45
 Chapter III: Finding the area and diameter of a polygon (table 2) ...................................... 53
 Chapter IV: Finding the diameter and length of a side of a polygon (table 3) .................... 60
 Chapter V: Finding sides and volumes of the fi ve regular solids (table 4) .......................... 67
 Chapter  VI: Finding volumes and diameters of spheres (table 5) ...................................... 72
 Chapter VII: Finding diameters and sides of the fi ve regular solids (table 6) ..................... 77
 Chapter VIII: Finding the weights and volumes of metals .................................................. 82

An appendix on the Promptuary for multiplication
 Chapter I: How the strips are made ..................................................................................... 92
 Chapter II: How the box holding the strips is made ............................................................ 98
 Chapter III: Multiplication with the promptuary ................................................................. 102
 Chapter IV: Division with the promptury and tables ........................................................... 108

Local arithmetic
 Chapter I: Description of the diagram to locate a number .................................................. 115
 Chapter II: Changing numbers into locations ..................................................................... 117
 Chapter III: Changing locations back into numbers ............................................................ 120
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 Chapter IV: Abbreviations ........................................................................................ 124
 Chapter V: Addition and subtraction and a shortcut for changing numbers ............. 125
 Chapter VI: Description of the abacus (chessboard) ................................................ 129
 Chapter VII: Movement of counters on the chessboard ........................................... 131
 Chapter VIII: Rules for moving counters on the chessboard .................................... 133
 Chapter IX: Multiplication ........................................................................................ 137
 Chapter X: Division .................................................................................................. 144
 Chapter XI: Square roots .......................................................................................... 148

A two-line poem that suggests this book will remove any diffi culties that beginners have with arithmetic 
operations.

Book One
The use of the rods.

Chapter I: Their construction and inscription.
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Their construction

Make some square rods from silver, wood or other material. Make 10 rods for numbers less than 11,111; 20 rods 
for numbers less than 111,111,111; 30 rods for numbers less than 1,111,111,111,111; etc. They should all be of 
equal length (Napier suggests the breadth of three fi ngers) and about 1/10 as wide as they are long - enough to 
easily mark down two single digit numbers.

Mark them on all four faces as shown in the fi gure - 9 squares with diagonal lines and a smaller space (one half 
the size of a square) at each end. Napier marks the four faces of each rod as I, II, III and IIII.

Each face should be marked as follows: 
 In the fi rst square at the top, put down a digit in the lower triangle (called a simple digit).
 On each square below write down the 2ed, 3ed, ... 9th multiple of that digit (units digit in the 
  lower triangle and tens digit in the upper triangle of each square)
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Note, from the diagrams that follow, that the faces are marked with different simple digits so that the simple digits 
on opposite faces add up to 9 (e.g., 1 and 8, 0 and 9, 2 and 7, etc.). Also the opposite faces are marked so that the 
top of face I is actually the bottom of face III and similarly for face II and IIII. (While this 180° rotation is not 
strictly necessary, it make the use of the rods more convenient.) Napier then goes into detail about what numbers 
should appear on each face of each rod, but this is obvious from the diagrams that follow.
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Having made the rods as described, you will now have 10 rods that can be used for calculating with numbers less 
than 11,111. They can also be used for calculating with numbers less than 10,000,000,000 when a single digit 
occurs 5 times or any two digits occur 8 times or any three digits occur 10 times - in which case you will have to 
make another 10 rods to deal with these exceptions. Similar statements are made about the limitations of a set of 
20 rods and of 30 rods.

The very top of each rod should be marked with the simple number that is to be found on the side faces. This is so 
that, when the rods are all together in a bunch (as standing vertically in their box) you may easily see which ones 
need to be picked out to do your calculation.  These top numbers are shown in the diagrams.
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Chapter II: Use of the rods.
Setting up the rods on a table to show a number.

Take, for example, the year 1615. Select rods with the numbers 1, 6, 1 and 5 on their faces and place them 
in order on the table. They will now show, in the top square, the number 1615 and in the second square they will 
show twice that number, and in the ninth square they will show the nines multiple of the number 1615.
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With the rod set up to represent a number, you will observe that parallelograms 
are formed in each row with two  halves of each parallelogram on adjacent 
rods - the diagonal lines being the right and left sides of each parallelogram. 
Napier does not provide a diagram of this situation, so readers might fi nd 
it easier to examine the situation in the adjacent diagram. Reading, on the 
second line, from right to left: there is a lower triangle containing a “0,” then 
a parallelogram (shown in heavy black lines just to be sure you understand 
that the fi gure spans two of Napier’s rods) containing a “2” and “1,” another 
parallelogram containing only a “2,” a fi nal parallelogram containing another 
“2” and a “1,” and fi nally and upper triangle containing a blank (“0”). Adding 
together the single digits in each parallelogram (2 + 1 = 3) the product of 
1615*2  can be read as being 3230. 
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Similarly, by reading the fi fth line, the product of 1625*5 is (5+3)(0)(5+2)(5) or 8075.

Proposition 3: when the total in any parallelogram is greater than 10, carry the tens digit to the next left position 
and add it to the fi gures found there. Proposition IV: As in ordinary arithmetic, if the contents of any parallelogram 
adds up to 10 or more, the tens digit must be carried over to the next position to the left and if this causes that 
parallelogram to be 10 or greater then the tens digit from that last addition must be carried to the left again, etc.

Proposition 5 simply provides a few more examples of how to add up numbers across the rods.
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Admonitio (remark or warning) on addition and subtraction.
Napier explains that addition and subtraction are things even novices know how to accomplish (and the fact that 
the rods were invented to help with multiplication and division), he intends to ignore the easier operations and 
proceed directly to the more diffi cult ones.
At this point it is worth noting that multiplication was often considered a university level subject in Napier’s 
day.

Chapter III: Multiplication.

Napier indicates that the terms multiplier, multiplicand, and multiple are well known, but that he will use the term 
quotumus to mean the single digit multiple that identifi es any line from the rods, e.g., the fi fth line on the rods will 
have a quotumus of 5.
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Napier shows how the rods may be used to determine any single digit multiple of the multiplicand and then these 
may be added up (appropriately shifted by a decimal place) to give the fi nal product. He gives an example of 
1615 * 365. He does not write the multiplicand, but suggests writing the multiplier (365) and under it writing the 
3, 6 and 5 multiples (found from the rods of 1615) and then adding these up to give the product 589475. He then 
shows that the product 365 * 1615 yields the same result.

As a check on the results, you can turn the entire block of rods over (thus exposing the complement numbers on 
the opposite faces) to fi nd that they now represent the number 8384 rather than the original number of 1615. Add 
1 making it 8385. Multiplying this new number by 365 will yield the product 3,060,525. Subtract this product 
from 365, to which has been appended as many zeros as there were rods on the table (4) and the result will be 
589475 - the original product of 1615 * 365.
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The italicized material  immediately above the start of Chapter IV is a set of easily memorized rules for the 
previous multiplication operations.
Chapter IV: Division.

To divide one number (the dividend 58975) by another (the divisor 365) write down the dividend and set up 
the rods to represent the divisor. Examine the rows of the rods to determine the largest multiple of the divisor that 
is less than or equal to the fi rst digits of the dividend (the fi rst multiple, 365, is the one less than the fi rst 3 digits, 
589, of the dividend). Write that multiple under the dividend and subtract it from those fi rst digits, writing the 
remainder (224, because 589 - 365 = 224) above the dividend and write the quotumus (the row from which the 
multiple was taken - in this case 1) to the right of the dividend.

Proceed as above, only now attempt to fi nd the multiple of 365 that is less than or equal to 2244 (the 224 being 
the remainder written above the dividend and the fi nal 4 being taken from the next digit of the actual dividend).

As can be seen, this is essentially the same method of dividing that we use with paper and pencil today (long 
division), except the layout of the results is the form used in Napier’s day. Readers in the 1600s would have 
been used to a form of division known as galley division (because the resulting diagram of digits was thought to 
resemble a galley under sail - and examples were concocted where the illustration of the galley was remarkably 
good) and thus would have had no problem understanding Napier’s notation and the placement of the various 
numbers.
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Another example, this time one involving a fraction in the resulting quotient: 861094 / 432 =  1993 118/432

Admonitio pro Decimals Arithmetica
Napier mentions Simon Stevin, a dutch military man, who had published a book extolling the virtues of decimal 
fraction notation. In these very early days of decimal fractions the concept of using a single decimal point to 
delineate the fractional portion of a number was yet little known - Napier used the decimal point in one of his 
publications, but few others even  recognized it. Those who were aware of decimal fractions used a number of 
different notations, for example, to write 3.1415, they might have used:
 3�1�4�1�5�
or
 3 1'4''1'''5''''
or even combined these with a comma or decimal point to use:
 3,1'4''1'''5''''
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Napier illustrates decimal notation with the earlier problem in which he obtained a fractional quotient. He 
gives both the fractional form of the quotient 1993 271/1000 as well as his own decimal form of 1993,273 and (as 
he says ‘following Stevin’) 1993,2'7''3'''

He ends this chapter with three short verses (something he and others of his time considered easy to memorize) 
that contained the rules for division by using the rods.

Chapter V: Rods for extracting square roots.

Napier indicates that the extraction of square and cube roots could be done, via the usual methods, with only 
using the rods. However it requires keeping track of several items and he has simplifi ed the process with the 
creation of two special rods.

Making the rods

Create two rods (one for square and one for cube roots) as before, but make them three times as wide as the 
ones described earlier. Divide each rod into three columns as shown in the diagram on the next page.
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For the square root rod (labelled pro quadrata) the left hand column contains (in the same way as the earlier 
rods) the squares of the integers. The right hand column contains the digits from 1 to 9 while the middle column 
contains the values that are twice those in the right hand column.

The cube root rod (pro cubica) is inscribed the same way, only the left hand column contains the cubes of the 
integers and the central column contains their squares.

Chapter VI: Extracting a square root.

Write down the number whose root is to be found and, starting from the right, put a dot between each pair of digits 
(see the example on page 27).
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Draw two parallel lines under the dotted number, leaving enough room to write down the fi gures which will be the square root. 

Starting at the left, fi nd the square root whose square is less than or equal to the fi rst pair of digits 
(or single digit if there is only one). In this example the fi rst pair of digits is 11 and the required 
square root is 3 (9 being the square just less than 11). 

Write the square (9) under the parallel lines and write the root digit (3) under the fi rst dot 
then subtract the square (9) from the pair being considered (11) and write the remainder (2) above 
the pair. Napier does not provide a diagram for the next steps, so one is provided here.

Double the root digit just obtained (3 doubled is 6 which is conveniently adjacent in the 
middle column of the square root bone) and place the usual rods for this number to the right of 
the square root rod. Find the number composed of the digits of the remainder you wrote down 
(2) and the next two dotted digits (77) (277 in this example) and determine the row (using the 
added bones and the square root bone) that contains a number equal to or less than that value. The 
number is found in the fourth row (256). Write down the row in which it was found (4) between 
the lines and the square (256) under the lines, subtract that square (256) from the number above 
(277) and write the remainder (21) above the lines as illustrated. 

Repeat the above process for each pair of dotted digits, each time adding the rods that 
represent twice the row number (8 for this last step) between the previous double and the square 
root plate. Thus for the third step you will have the rods of 6, 8, and the square root rod in that 
order. At the fourth step you will fi nd that no number on the assembled rods can be found that 
is less than or equal to the one sought (6,723) so you must enter a 0 as the next digit between 
the lines and a rod for 0 must be inserted beside the square root rod. The fi fth step is to search 
for something less or equal to 672,376 and you will fi nd that on the 9th line. Double 9 is 18 so 
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insert the 8 rod beside the square root rod and “carry the 1” to the next rod to the left (i.e., make the rod to the left a 1 rod rather than it 
remaining a 0 rod) At the end you will have the rods for 6, 8, 6, 1, 8, and the square root rod in that order.

Napier again appends some Latin verse to the end of these instructions as an aid to memorizing the steps.

Chapter VII Extracting the cube root.

This process is very similar to that of extracting the square root. One, of course, uses the cube root rod and marks off the digits 
with dots in groups of three beginning with the right hand end of the number. The rest of the process, while following the pattern set in 
the square root extraction, is burdened with putting rods to both the right and left of the cube root bone, making trial computations and 
rejecting some while saving others at each step. These trial calculations are shown on page 33 for the example that follows.

The whole process is diffi cult to explain without a series of examples done on the rods and, as Fermat once remarked “the margin 
is not big enough to contain the work.” If it is imperative to fi nd the method, then we suggest consulting the English translation of this 
work:

Napier, John, Rabdology, Translated by William Frank Richardson, Charles Babbage Institute Reprint Series for the History Of 
Computing, Vol. 15. MIT Press (Cambridge, Mass., 1990).

It should be pointed out that Napier’s own description is diffi cult to follow and, like the original, this translation contains no diagrams 
to aid the reader.
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The Cautio (caution) I and II are simply an addenda to the general rules for fi nding cube roots for the instances 
when no multiples can be found on the bones for a particular step.
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Chapter VIII: A short cut method for fi nding the cube root. 

This short chapter details a method of fi nding three times a number when the root is known and a similar method 
for determining three times the square from only a partially completed cube root operation. Both of these could 
be used when fi nding cube roots via the use of the cube root rod but, unless one were well versed in the operation, 
it would seem to be more confusing that helpful.
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Chapter IX: The rule of three, direct and inverse.

The rule of three, often called the golden rule, was a standard method of stating and solving problems. It was 
a regular section in almost every arithmetic book printed until modern times. Essentially it solves problems of the 
type: if 3 carrots cost 10 cents, how much to 27 carrots cost? It obviously gets it’s name from the fact that three 
numbers in some relationship are given and a fourth number is sought. 

The above example of the cost of carrots is known as the direct rule of three and the numbers are always 
referred to as the fi rst, second, and third numbers when describing the process of fi nding the fourth. For example, 
a typical algorithm would be stated as: the second and third numbers must be multiplied together and then divided 
by the fi rst to obtain the fourth. 

The inverse rule of three would be the same problem but with inverse ratios in most cases. It would typically 
be used for problems such as: if 17 workmen could dig a trench in 12 days, how many days would 5 workmen 
take? The solution would be expressed as multiply the fi rst and second numbers together and divide the result by 
the third. 

Napier provides an elementary example of each form. The fi rst states that if 12 months contain 365 days then 
how many days are in 27 months. The second is if 27 workers construct a tower in 365 days, how long will 12 
workers require to do the same job?
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The section titled Compendia Regula Trium simply explains that if one of the terms in the rule of three is a power 
of 10 (although Napier does not use that term–he actually gives examples such as 10, 100, 1000 etc.), then the 
multiplication or division by those numbers is simply the addition or removal of zeros (i.e., shifting the decimal 
point). While this point is obvious to us now, it must be remembered that this was written at the very birth of 
decimal fractions and such operations would not have been known to most readers of this book.

Napier observes that many problems and tables contain numbers such as 10, 100 and 1000, thus this short cut 
method is often very useful. He goes on to prove his point because all the tables and problems in the following 
Second Book contain such numbers.
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Second book: The use of the rods in geometry and numerical problems.

Chapter I: Description of the tables.

Napier uses several tables to give physical constants about regular fi gures and density of metals which he puts to 
use in the following problems. Knowing the density of various metals was useful in gunnery where the weight of 
the shot often dictated the amount of gun powder used, but these also had a commercial use.

The fi rst tables are found on double pages 48—49, 54—55 and 62—63 and several smaller tables follow later in 
the chapter.
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The diagonal elements of the fi rst table contain names of regular geometric fi gures (triangle, square, pentagon, 
... decagon) and these are the labels for both the rows and the columns. The diagonal elements also contain the 
number 1000, which is considered to be the defi ning number for each fi gure.

Napier was fascinated with ratios and these tables contain ratios of lengths of sides, areas, sides of squares that 
equal the area of a particular fi gure, volumes and diameters of solids and similar information. They are not easy 
to use as some of the ratios are looked up by noting the position of various numbers being an equal distance from 
the diagonal (horizontal or vertical) and some are always in the second position of any given row or column. The 
problems are all similar to: given the side of a square of a particular area, fi nd the length of the side of a heptagon 
of equal area.
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This is the table for regular polygons with 3 to 10 sides.
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This table gives areas of various polygons and diameters of their circumscribing circles.
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This third table provides information on the lengths of sides of polygons and their circumscribing circles.
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The fourth table gives the lengths of the sides and volumes contained in regular solids.
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Table fi ve gives the volumes (or the sides of a cube with an equal volume) and the diameter of containing spheres 
for regular solids.
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Table six gives the lengths of the sides of regular solids and the diameters of their containing spheres.
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Table seven deals with physical properties of metals and stones (gold, mercury, lead, silver, bronze, iron, tin, 
marble and stone). Of course some of these terms are rather general, but they were simply meant to be used as data 
for his problems and commercial users would certainly have had their own much more detailed lists to consult.
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The Promptuary of Multiplication

In the preface to his Promptuary for Multiplication Napier indicates that this invention was his latest contribution 
to devices for multiplication and division. Because of its relation to the rods, he thought it best to put it immediately 
after that material rather than leaving it to the end of the book.

This device was quite complex to make and thus seems to have been little used. Only one early example seems to 
be preserved in a Madrid museum. For more information on this specimen and a much more detailed description 
of the device, see  “The Promptuary Papers,” Annals of the History of Computing, Vol. 10, Num. 1, January 1988, 
pp 35—67.
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Chapter I: Construction of the device.

The device is composed of two different kinds of strips. These should be made of ivory or some other suitable (he 
suggests white) material, each about one fi nger in width and eleven times as long. When dealing with numbers 
less than 100,000 you should have 100 strips. He is suggesting that 200 would be best as it allows multiplications 
of numbers less than 10,000,000,000. The strips are easiest to use if half of them are thick (he suggests about a 
half fi nger breadth thick) while the other half are much thinner (about half that thickness or less).

The diagram on page 94 shows a sample of both kinds of strips. The middle section of the thick strips (with all the 
small numbers) is composed of 10 larger squares, each of which is divided into nine little ones. Each of the small 
squares is divided in half with a diagonal line. The thin strips have similar divisions but contain triangular holes 
(shown in black in the diagram). He suggests (for a set of 200 strips) that ten of the thicker strips be each noted 
with the digit “1” another ten with the digit “2” ... to “9”. Similarly, groups of ten of the thin strips should each 
have the digits “1” to “9” marked in the top section as shown.
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The small square diagram (annotated with the letters a–g in the lower triangle and the letters b–g in the upper 
triangle) indicates where the various digits are to be placed in the thick strips and the holes in the thin ones.

If you are constructing the thick strip for the digit x then write that digit in each place noted by a. Take the 
digits for 2x (say m and n, e.g., for the strip 7, 2*7= 14 so m = 1 and n = 4) and put m in the place noted b in the 
upper triangle and n in the place noted by b in the lower triangle. Similarly for 3x put the m and n digits in the 
locations noted with the letter c, always putting the tens digit (m) in the upper location and the units digit (n) in 
the lower. Continue with this marking until the 9x digits are in the locations noted by i.

Napier suggests that the lines forming the smallest squares and triangles may be erased leaving only the lines 
marking the 10 large squares and the diagonal lines of these large squares.

For the thin strips, triangular openings are to be cut in each strip as follows:
 Strips for the digit “0” have no openings
 Strips for the digit “1” have openings cut in locations noted by a
 Strips for the digit “2” have openings cut in locations noted by b
 …
 Strips for the digit “9” have openings cut in locations noted by i

Once again he suggests that, after the openings are cut, the layout lines may be erased, with the exception of 
the large squares and their diagonal lines.
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Chapter II: Construction of the box holding the strips.

Napier suggests that a box be made (see diagram after page 100) to hold the two different kinds of strips. The 
numbered strips fi tting in one side and the perforated strips in the other. The top of the box should be a fl at surface 
with guides on two edges so that the strips may be placed (thick numbered strips vertically and thin perforated 
strips horizontally on top of the thick ones) when performing an operation.
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Chapter III: Use of the promptuary of multiplication.

The device is used by placing the thick numbered strips corresponding to the multiplicand on top of the box and 
laying the thin perforated strips representing the multiplier at right angles over the previous ones.
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He proposes to demonstrate the process with the example of 8,795,036,412 times 3,586,290,741.
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The strips for the multiplicand (8795036412) are placed on top of the box. The lower portion of this diagram is 
intended to represent the front of the box with the black areas indicating the storage locations from which the 
individual strips were drawn.
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The perforated strips for the multiplier (3,586,290,741) are now placed horizontally on top of the vertical strips 
for the multiplicand. The right hand portion of this diagram represents the right side of the box with the black 
areas indicating the storage locations from which the individual strips were drawn.

The various digits of the product can now be determined by adding up the numbers visible in the windows in 
each diagonal line beginning with units digit in the lower right diagonal (2). The tens digit is found by adding 
up the digits visible in the next higher diagonal (8+1 = 9). The hundreds digit is the sum of the digits in the third 
diagonal (4+4+4 = 2 and carry the 1 to the next diagonal). The thousands digit is 1+7+6+6 + (the carried 1 from 
the previous sum) = 1 and carry the 2 to the next diagonal sum.

Performing this summation over all the diagonals, the product is found to be 31,541,557,651,113,461,292.

Care has to be taken with this diagram because the modern reader will, at fi rst glance, easily confuse the “1” and 
“2” digits shown.

The diagram is shown here rotated 90º from the original—simply because it is easier to read that way.
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Chapter IV: Division using the promptuary and tables.

Napier had earlier remarked that the promptuary was really only for multiplication but felt compelled to add 
a short section here on how it might be used for division. Essentially one had to convert the division problem 
into one of multiplication and then solve that for the product. He explains how this might be done by examining 
numbers in the various tables of trigonometric functions (those by Pitiscus, Lansberge and his own tables earlier 
in this volume). 

The method is diffi cult and requires knowledge of each set of tables. Users would be advised to heed Napier’s 
original remark and not consider using the promptuary for anything except multiplication.
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Local arithmetic

Napier says that he had developed a method of doing arithmetic (even extracting roots) on a fl at surface, a 
chessboard, by moving counters from square to square. He likens it to a game rather than work.
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He begins by saying that the only complication to this method is that one has to work with numbers of a 
different kind than the ordinary numbers. While working with these numbers (binary numbers, although he does 
not use that name) one has to perform elementary conversions to and from this system, but they are not diffi cult.

He begins by noting the various positions that a counter could occupy (on a line as he calls it) and these, and 
their values, are noted in the diagram on page 116.

If one uses a line of 16 units, then the last of them will have the value 32,768 which will be enough to calculate 
any value less than 65,536. By using a line of 24 units you can calculate any value less than 16,777,216.

If you need to calculate with larger numbers (e.g, sines, tangents and secants) then one of 48 units will allow 
values to be computed which are less than 281,474,976,710,656.

He labels each of these binary positions with a letter from a to q.
Chapter II: Changing ordinary numbers into location numbers.

He notes that the change from ordinary numbers to location numbers can be done via either subtraction or 
division.
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As an example of converting to location numbers he shows how repeated subtractions of numbers on this binary 
line will change 1611 to counters on locations l, k, g, d, b and a (or places representing 1024, 512, 64, 8, 2 and 
1).

He describes the algorithm for the division method as follows: 
If the number is odd put a counter on position a, subtract 1 from the number and then divide it by 2. If the 
number is even leave position a empty.
If this half number is odd then subtract 1 and place a counter in position b, if it is even leave b empty.
Proceed, as above, by dividing the number by 2, if the result is odd subtract 1 and put down a counter, if the 
result is even do nothing.
When the result is reduced to 1, put a counter in that position and the process terminates.

He again illustrates the process with the number 1611.
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Chapter III: changing location number to ordinary numbers.

This short section indicates that one can recover the usual numbers from the location representation by adding up 
those values that have a counter on the position. Alternatively it can be done by a process of doubling analogous 
to that done by division to convert it to the location representation.



From the Tomash Library on the History of Computing
Napier, John (1550–1617) Rabdologiae, 1617, Edinburgh

This diagram is simply a representation for the four previous examples and shows the workings of converting and 
reconverting the number 1611.
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Chapter IV: Abbreviations and extensions.
Abbreviation means that you may replace any two counters in a given position by one on the next higher 

position.
Extension means that you may replace any single counter in a position by two counters in the next lower 

position and repeating this operation until there are no blank spaces (each lower position contains a counter).
Neither operation changes the value of the number being represented.
As an example he shows that a number abbdeffg may be abbreviated by replacing the two bs with a single c, 

the two fs by a single g (resulting now in there being two gs) and the two gs by a single h. The resulting number 
(acdeh) has the same value as the one you started with (abbdeffg). Similarly this original number (abbdeffg) could 
be extended by replacing a higher counter with two lower ones to ultimately yield abbccddeefg.

This extending and abbreviating would not have been unknown to Napier’s readers because similar processes 
were used on the European table abacus of the time—where two counters representing values of 5 could be 
replaced by one representing 10, two 50s by a 100, etc. (see any of these Tomash reproduction fi les of works on 
the table abacus for further information).
Chapter V: Addition and Subtraction.

Addition is accomplished by setting the position counters for two numbers side by side and then abbreviating 
the resulting total set of counters. He give the example of the numbers acdeh added to bcfgh which, when grouped 
together, are abccdefghh and when this is abbreviated it becomes abhi.
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Subtraction is performed by placing the two numbers adjacent and, making sure that the larger number is in 
extended form (i.e, there are no blank spaces without counters), remove from it every counter than matches one in 
the abbreviated form of the lesser number and, if needed, abbreviating the result.

The table is a listing of base 10 integers and their corresponding position (binary) numbers in Napier’s alphabetic 
notation (see diagram on page 122). This provides a simple way of converting to and from the binary positional 
notation.
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Chapter VI: Description of the board (abacus) in two dimensions.

Create a board, similar to that illustrated between pages 131 and 132,  with as many rows and columns as you will 
need for the size of numbers to be considered—here Napier uses 24 rows and columns. The illustration mentioned 
was bound after page 131 on a piece of paper with the notation Pro pag. 130 uppermost. Napier clearly says that 
the corner labeled � should be positioned closest to you so that is the way we represent it here (i.e., rotated 45 
degrees from the original orientation).

Each row and column should be labeled with a set of binary numbers and with alphabetic symbols (he suggests 
continuing with the Greek alphabet if you run out of the Roman letters).
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Chapter VII: moving the counters on the abacus.

Computations are accomplished by moving counters on this board. The movement is of two types, direct and 
diagonal. Direct movement is parallel to the sides of the board while  diagonal movement is up and down or 
left and right (i.e., following the diagonals, like a bishop on the square orientation of the chess board). Diagonal 
movement can be from two common letters (e.g., f-right to f-left) or directly up or down the board (e.g., from a to 
ψ or vice versa etc.).

In direct movement (parallel to the sides of the board) there are always places where the two directions meet and 
these will be important. For example, direct movement from d on the right hand side to γ on the left and from g 
on the left to ζ on the right will intersect at the square marked ω. This point is said to be common to d-right and 
g-left. 
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Chapter VIII: Rules for each type of movement on the abacus (board).

In direct movement (parallel to the sides of the board) a movement of one square doubles the value.
In diagonal movement (up and down or side to side on the diagonals), all squares have equal value and are 
assumed to be labeled with the same letters as at their end points.

Moving a counter to a square immediately above it will multiply the value by 4 (i.e., from the square a,c to the 
square a,e changes the value from 4 to 16).
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All squares up the middle from a to ψ are each 4 times the previous one and are all perfect squares (i.e., 1, 4, 16, 
64, etc.). They are marked by a dot so that they may be easily located when calculating square roots.

Squares on the vertical line beside the dots (from b to χ) are again 4 times the previous one (2, 8, 32 etc) but start 
with the number shown on the margin.

A number set up on one margin (say �to �) multiplied by another set on the other margin (� to �) is the 
square at the intersection of the two values. Napier gives an example of a counter on d (8) and another on g (64) 
have a product of 512 (the intersection of the two, the right square marked ω). For any such internal square, there 
are three numbers that are associated with it: the one designating the diagonals on which it is positioned (d or 8 
and g or 64) and the one designating the value in the margin horizontal to its position (k or 512).
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Chapter IX: Multiplication.

Make sure that both of your numbers can be represented by counters being placed lower than half way up the 
board (i.e., between �to � on one side and � to � on the other). On the board shown in his diagram each 
number must be less than or equal to 16,777,216.

Place counters (or otherwise mark) the positions in the margins for each number. A counter is to be placed at the 
intersections of each of the direct rows and columns of the ones you marked.
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Napier provides the example of 19 times 13. The fi rst number (19) is marked out on the margin of the abacus (in 
this case he notes this by the letters a,b,e on the �to � margin) and the second (13) by the letters a,c,d on the � 
to � margin. Counters are then placed on the intersecting squares. One must now abbreviate the total shown on 
the abacus (get it into its canonical form). This is accomplished by moving counters as follows:

The single counter found on the intersection of a and a is moved to the margin (see the counters at the extreme 
right hand side of the above diagram). 

Similarly the single counter found between the margins labeled “2” is moved over, and the single counter 
between the “4” marks is moved as well.

There are two counters found between the points marked “8” and these are removed and one counter placed on 
the board in an empty 16 position—there are now three counters in the “16” position.

Two of the counters found at the “16” position are removed and one placed on and empty square in a “32” 
position while the remaining one is moved to the margin in the “16” position.

Move the single counters in the “32,” “64,” and “128” positions to the margin.
The margin will now contain counters in the 1, 2, 4, 16, 32, 64, and 128 locations which yields the product of 19 
times 13 = 247.
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Here Napier provides a second example of multiplying 1,206 times 604 (= 728,424).
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Chapter X: Division.
Napier’s division example (250/13) is shown in the diagram on page 145. The dividend (250) is set up on the 

� to � margin and the divisor (13) on the �to � margin. Beginning with the largest position of the divisor (8) 
move to directly adjacent squares (in the diagram as shown it is “up”) until arriving at the diagonal line denoted 
by the largest position of the dividend (in this case 128). Place counters on every position from the square thus 
found (square 8,16 in this case) that correspond to places in the divisor (thus counters go on the 8,16; 4,16; and 
1,16 squares. 

Subtract the value thus obtained (16*8 + 16*4 + 16 * 1 = 208) from the dividend leaving 42 (which results in 
marginal counters in positions 32, 8, and 2).

Similar to the first operation, take the largest value in the dividend (8) and move “up” until hitting the diagonal 
row containing the largest position in the remainder found in the last subtraction (32). Put counters on each square 
in the row from this location (marked with and “x”) that correspond to each position in the divisor (that results in 
counters in the squares marked “x”, “three dots” and “four dots”). The value of this number (52) is greater than the 
remainder found above (42) so move these counters down one row (from the row marked with an “x” to the row 
immediately below) and try to subtract this new number (26) from the original remainder (42) which now gives a 
new remainder of 42 - 26 = 16.

Repeat these operations until the quotient is found by noting the values being “pointed to” by the rows of 
remaining counters in the center of the abacus (16, 2, 1) and the remainder, if any, will be on the right hand 
margin.
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A second example shows the division 728,424/1206 = 604.
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Chapter XI: Calculation of the square root.
This process requires one to add counters to the abacus (board) to make square fi gures. The top of page 149 

shows diagrams that explain this process. Begin by placing a single counter on the board (it will actually go on 
one of the dotted squares). Adding three other counters adjacent (or with blank rows and columns between them 
and the fi rst one placed) will result in another square fi gure on the abacus. Similarly adding another fi ve counters 
to this (with or without the blank rows and columns shown) will result in an even bigger square.

Take the number to be considered and put counters along one margin that represent its value.
From the position of the largest counter in that value, follow the diagonal lines (bishop’s moves) across the 

board until you come to a square with a dot. Place a counter on that square. 
Subtract the value represented by this single counter from the original number in the margin.
Add three (fi ve, seven, ... for subsequent steps) to create a square on the board and subtract the value of the 

added counters from the number in the margin until the number is either too large to be subtracted or there is no 
space left on the board. You should be left with a large square of counters (perhaps with blank rows and columns 
between them) on the board.

Move one of the counters in each row of the square to the margin and the positions of these marginal counters 
will yield the square root of the number.



From the Tomash Library on the History of Computing
Napier, John (1550–1617) Rabdologiae, 1617, Edinburgh

Napier provides an example of determining the square root of 1238.

The largest counter is in the 1024 position so the fi rst counter is placed on the dot found by moving down the 1024 
diagonal (at the 32,32 position). Subtracting this value (1024) from the original number leaves counters at 128, 
64, 16, 4 and 2 (= 214). 

Placing three counters on the board to form a square with the fi rst counter but whose value can still be subtracted 
from 214, results in counters at positions 32,2; 2,2; and 2,32 (whose values are 64, 4 and 64, which when subtracted 
from the remainder of 214 = 82.

The next square that can be constructed from fi ve counters, yet the values of those fi ve counters still being capable 
of being subtracted from 82 results in counters in positions 32,1; 2,1; 1,1; 1.2; and 1,32. The values of these fi ve 
counters total 69 which when subtracted from 82 leave 13 as a remainder.

As there is no more room on the board we have to stop.

Move one counter from each row to the margin (rows 32, 2 and 1) and this value (35) is the square root required, 
or at least the integer part of it (the actual value is 35.1852....).
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Napier provides a second example for calculating the square root of 2209 (= 47).
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The blank sheet is the recto of the free endpaper.
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The verso of the free endpaper and the recto of another free endpaper (the inscription Chiesa Milano means the 
Church in Milan and thus likely points out an earlier owner of this volume along with their catalog number).
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The verso of the last free endpaper and the paste down endpaper.


