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The Compiex Number Nomogram

The representation of complex numbers as points on a grid on a Gaussian number plane has
found wide application in pure mathematics and also in technology. This is especially true in
electronics where calculations involving complex numbers are required to depict the vector of

‘alternating current magnitude. However, the complex number plane is only a theoretical

construct, and it is not well suited to practical calculations. The application of the formuia
In(a;+j2) = In(laf e®)=Injal+jo...

permits a satisfactory representation of complex numbers cn a semi-log grid. This transformation
of the complex number plane onto a semi-log grid has provided the foundation for a practical
calculating aid, which has the added advantage of preserving completely the clarity of
presentation.

This aid, which has been designated the Complex Number Nomogram, shows the above-
mentioned semi-log grid in red on a base-plate.In accordance with the formula In | a| + jo, the
angle (Versor) is shown as the linear ordinate and the absolute value (vector magnitude) on the
logarithmic abscissa .

In that normal grid there are the transformed grid lines of the GauR-numerical plane shown as
family of curves, for the real component in black and for the imaginary components in blue.

The whole board shows all four quadrants, the first in the lower part, the fourth in the upper part.

Multiplication, division, powers and roots can be done as on the slide rule by means of the rule
appliance, movable by angle setting and parallel setting. Addition and subtraction can be worked
out by simple reduction of the normal components.

Because the Complex Number Nomogram includes all four quadrants (the whole radian
frequency), harmonically as well as exponentially damped oscillations can be represented and
treated mathematically as straight lines



1. Depiciton of complex numbers
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On the Komplex-Rechenplatte one can read for complex numbers the combination between vector

and versor and otherwise between imaginary part and real part.

2. Addition of complex numbers
Komplex-Rechenplatie
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a4+ b= fa] eit + |b| ei¥ = aofz + b/

316 19324290 1M1 o 316/20,59+2.26/70,59 = (Bxj1)+=(1+j2) = (4+3) = 5 ei06s

For one can find the real and imaginary components for each of these complex numbers, one only

(a,+iay) + (b,+ib) = (a,+b,) + ifay+bs)

=5 [419

must add them und then is to find the new point, and coincidently one can find vector and versor.

3. Subtraction of complex numbers
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0 —b = o ei¥ - fojei¥ = /5 — b/$ = (a,+ia) — (b,+ib) = (6,—b,) +j (a,—b,)
5064 316 &% = 57419 — 316/20,57 = (4+(3) — B+j1) = (1+j2) = 224 i = 2,24/70,59

The operation is analogous to addition , but the components are subtracted.




4.Muitiplication of complex numbers
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= laf ei¥ - o] i = o/ 7 - b/y = (o, +ijey) - (b,+iby) = a, b, — e,b, + vi(°1b2+°2bx) = lal - o] eiGHY) = ab/z+d

w

224 eL11. 3,16 1032 = 224/70,59 - 3,16/20,5% = (1+{2) - (+i1) = (1+i7) = 7.08/91% = 7,08 i'43

The geometric addition of the lines A and B by means of the movable fule appliance immediately
locates the point 3 with the value 7.08/919 = (1+7)=7,08 e"*

5. Division of complex numbers
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7,08 ei'43 : 396 €102 — 7,08/919 : 316/20.5% = (147) : 3+it) = (1 +i2) = 2.24/70,59 = 2.2 et !

The geometric subtraction of the fine B from line A by means of the movable rule apphance
immediately locates the point 7 with the value 2,24/70.5% = (1 +j2) = 2,24 ¢’



6. Multiplication vs. Division by e ¥
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5 @064 . 4i029 _ 5/ 419 - 1/18% = 5 el093 _ 5, 59,09
(4+i3) - (0.97+j029) = (3.88—088) + | (1.1+2.9) = 3+j4
The muitiplication with the unit vector 1/¥ is done with the Komplex-Rechenplatte by a vertical shift of

point o upward to the ordinate ¢ + y in point z. ( Note: The GauR numerical plane shows vector o as
a turn around the angle y counterclockwise, that means a multiplication of the unit vector 1 / y.

The. division in the Gaul numerical plane depends on a turn around clockwise and on the complex
device to a vertical shift downwards.

7. Muitiplication vs. division of complex number by a real number.
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p=p-lal ey = prafg = (@Hio) - p = (pa,Hipoy) 2-5 e = 2.5/6% = (443) - 2 = 10 1064 = 10/ 417 = B+i6)
The multiplication of a complex number a by a real number p means an increase of the vector
magnitude by a factor of p while the the angle ¢ remans unchanged. It is shown on the complex
device as a horizontal shift of point ato right with distance d to abszissa la| x p at point 7.
Division corresponds to a decrease in the magnitude of the.vector by a factor of p while the angle ¢
remains unchanged. This is represented on the complex number nomogram by a horizontal shift of
point 3 to the left by the distance p to the abscissa value | z1/p at point a.

8. Multiplication vs. division of complex number by an imaginary number.
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There follows:

eimf2 = j = 1/100%; ei® = —1 = 1/_29'0_9: ei7/2 = —j = 1/300° usw.

- , T+ 7f2) = abf 100
a-jb = |alei - [bl eiF/2 = afg - b/100° = (a,+ja,) - b = (—a,b + jo,b) = fa| - b elly + 2) = abj y+100°

5 1064 . 3 ein/2 = 57419 . 2/100% = (4+i3) - j2 =10 eI = (—6+j8) = 10/141°

Multipiication is on the complex device same as multiplication of compiex numbers, that means a

geometrical addition of lines A and B.
Division same as division of complex numbers, that means a geometrical subtraction.

9. Reciprocal value of a compiex number
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To have a reciprocal value of a complex number means a division into 1 and is done with the complex
device as a geometric subtraction beginning from pomt 1. Note, that the 4™ quadrant of the foregoing
period is not existing and must be substituted by (a) 4" quadrant, which must be imagined to be
shifted by one ( or, if necessesary , two) decades to the left.

10. Potentation of a complex number

= (la] &) = (a/ )" = (a,+j0))" = |a]" - ei"? = a"/np = 2y
2.2 1943 = 224/29.5 = @+j1)% = 2+j11 = 113/ = 11,3 /88,59
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Potentation is accomplished by extending line segment A the number of times indicated by the
exponent. A linear scale (e.g. the In scale on the swiveling ruler is well suited to this purpose).



' 11. Extracting a root of a compiex number

To extract a m6t of a complex number reverse the procedure outlined for potentiation. Use a slide rule
to divide the measured length of line A. .

"V,; - "V Bl-eiv = "Vz/_,,,_ - "V11+112 - Vm.ei—ﬁ— - Vz/.,,/n —afg = la|ei? =a

12. Taking the logarithm of compiex numbers

Ina = In{a] ei?) = Inja] + ip + j2k= ,\3N.lth‘ k=0 +1;+2 ...
11

we have: Inj = jn/2: In —1 = ja; In(—j) = j -5
In(h+i3) = In(5ei%64) = 1,61 + j 0,64 = 1.74/24,1° = 1,74 %777
The natural logarithm of the absolute value « is read by means of the In-scale (linear scale up to 4.6.)

on the swiveling ruler.
It is also possible to determine powers and roots with exponents. That are not integrals.

(G+3)12 = (5ei08412 = o jny = 1,2 - In (58 = 12 (1,6140.64)
Iny = 1,934+0,77; 3 = 6,9 e/%77 = 6,9/49,09 = 4,95-}}4.81

13. Harmonic oscillation

A line paraliel to the ordinate represents a moving vector of constant magnitude. Reading of the
intersecting point at the black graticule curves gives a cosine wave and with the blue ones a sine
wave. That depiction also shows the correlation of the two vertical arranged even osciltations of equal
amplitude, which complement to a circular oscillation. ‘
The two lower scales at the swiveling ruler (ordinate scales) make possible to show. lead and lag in 4
phase oscillations.One puts the rule parallel to the ordinate axis and moves depending to lead or lag in

phase.
When adding the individual values one ca

n find as well additive as multiplicative oscillationsuperhets.

14. Exponential damped oscillation

On the complex number nomogramm a line inclined toward the ordinate represents an exponentially
damped oscillation with a dampening decrement 5, which is indicated by the angle of inclination. To fix
a damping oscillation, take off the swiveling rule ( guide part also) and put it reversed again ( then the
swiveling ruler is positioned left from the vertical rule. The lockable point of rctation then is near to the
lower edge of the complex device. Now put the swiveling ruler in this way, that its midiine points to the
10 of the lowest real basic scale and to the desired dampening decrement of the scale at the upper
edge of complex device. Then move the midline to the original value of vector R.

Now you can read all intermediate values O to 2r as well as vector vaiue and versor, and real and
imaginary components. To follow the damped oscillation over the 1% period , one transfers the vector
valuer;, (foundat 2 ) to the lowest basic scale and then place the midline of the swiveling rule to
that new found value. By going on in that way one can find the oscillations gptional up to the complete
cease oscillation. The exponential damped oscillation relates to:

z wt
Y = e 2= .R (cos ¢ + jsin g} oder Y = e m o R(COS () -+ | sin (“"))

We have also:

= e

2T . Ruynd x = r - cosg bzw.y = r-jsing

In addition an example of an exponential damped oscillation with an original value of vector R = 10
and the damping decrement § = 1 .

We have then: Fiir ¢ = 2= Y = et - 10 (cos 2= + j sin 23)
Y = 10je - (1 = j0) = 10/e = 3,68
fir ¢ = 4z Y = &7 - 10 (cos 4= 4 j sin 47)
Y = 10e’= 10/7,39 = 1,35
Damping decrement then is:
‘ R Tz 10 368
J:lna:=]nrm=_AA,=lnm__=|n1.35_1

The function’s progress is shown in the following tabell and drawing.



Exponential damped oscillation ( 5 =1 and R = 10)

Y=e-a=:t R (:os?+isin?)=e'1?:' 10(cos z+jsinz)ir =e
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i =ln Xy Fen —in 3 n3 e .
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= El = 7
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15. Circular functions and Hyperbolic functions of complex arguments

To find circular- and hyperbolic functions
tangens reliefs on the reverse side of the
read rightangled graticule , subdivided in

of complex arguments find the both graphs of sinus- and
complex device.On the Gauflian numerical plane one finds a
that way, that there is a real part and an imaginary part of the

argument at each point. Superimposed ‘on the red grid there is a graticule of orthogonal family of
curves (black) for read-ing of the functional value depending on vector value and versor.
To find hyperbolic functions from circular functions you find a table of formulae near the tangent relief.

a. Sinus of complex number

If the argument is fixed with real part and

imaginary part ( x + jy), you can find the vaiue .s and the

versor ¢ ? of the functional value directly from the sinus relief.

. sin z = sin(x+jy) =
F.ex ;- :
" sin (0.9 4+ j 046) =
sin (—0,38 + j 0,53)
sin (—0,20 — j 0,90)

eis®

s fo9 =s.
0,92 ;219
0,67 1448
0,94 /—1189

sin (0.8 — j 0,48) = 0,88 /—267

For x s+ 2 z gilt: sin(x+jy) = sin(xT2k = + jy)

s [oS

sin (6,08 — j 0,9) = sin(6,08—6,28—j 0,9)
= sin(—0,2 — j 0,9) = 0,94 [—1189
sin (—6,66 + j 0,53) = sin(—6,66-+6.284j 0,53)
= sin(—038 4 j 0,53) = 0,67 [144°

=

=+ x X + onogilt:

For + =
sin (2,24 + j 0.46) =

sin (—2.34 — j 0,48)

i

I

sin (x+jy) sin(+ =
sin(3,14—(2,24+j 0,46))
sin(0,9 — j 0,46) = 0,92 / —219

sin (—3,14—(—2,34—j 0,48))
sin(—0,8 - j 0,48) = 0,88 /1749

— (x+iv) =5 [—=o°




b. To find argument with fixed sinus value

You use the frontside of the complex device: {f the sine value is given as a + jb, you must transform to

rle%=s/g% Withsando you find at the sinus relief the values x and y including sigrs.
F.ex: arc sin 0,92 /_—ﬁg ‘

]

0,9 — j 0.46  or also with s—{x+iy) = 2,24 + j 0,46

")
arc sin 0,88 / 1749 = —0,8 + j 0,48

oralsowith —a—{(x-+jy) = —234 — jo48 =*)
c. Cosine of a complex number

Cosine is converted to sine by the following formulae:

cos (u + jv) = cos(__u.._jv)=sin(;'+]u|+”vl)

I

€os (—u -+ jv) = cos ([ U — v )

sin (3 —lul +i1vD

F.ex.. cos (0,674 0,46) = sin (1,57+0,67+] 0,46) = sin (224 + j 0.46) = 0,92 /—21°
" cos (1.83 — j 03) = sin (1,57—1,834+ 0.3) = sin (—0.26 + j 0,3) = 0,4 /1489

d. To find argument with fixed cosine value
The same as b. and to put the got values x and y with sign into the foliowing formula:
arc coss!_ri= (:; — x) —-»iY

rc cos 0,4 [1489; mit ¢ = 1489 und s = 04 one gets from the sine relief for x = —026 und fir y = 0.3
a " \ -

arc cos 0,4 (1489 = (1,57 + 0,26) —j 0.3 = 1,83 — | 0,3

arc cos 0,67 [—1443; (x = —0,38 und y = —0:53)

arc cos 0,67 j—1449 = (1,57+038) + j 0.53 = 195 41 0,53

= If there are ambigous results better to use additionally ( aiso for sake of clarity) the extended sine
relief (see page 23).

e. Hyperbolic sine of complex number

Hyperbolic sine is transformed to circular sine by the foliowing formulae:
Sin ( vtjv) = jsin(v] —j|vl  Sin (—v—jv) = jsint~{v] +jlu]
Sin (—u+jv) = jsin{lv] + jlel):  <Sin( uv—jv) = | sin(—{v|] —ijul
F.ex: <in(0,8—j0.22) = jsin (—0.22—j 0,8) = j 0,91 /—121;
<in (0.8—j 0,22) = 0,91 /—21g
Siii (0.35-+] 6.49) = j 5in{6,49—j0,35); 6.49— 2 = = 6,49—6,28 = 0,21;
= jsin(0,21—j 0.35) = | 0,42 /—629 = 0.42 ;389

f. To find argument with fixed Hyperbolic sine

to multiply by j means a turnaround 41009

Depending, if o9 at 1%,2™, 3%, or 4" quadrant, o ¢ isto set equal ( 100 - 6) %, (100 + 5 )¢

(-100-6) % or (- 100 + 5) %, and then one reads x and y from the sine relief and finds the argument
by the following formulae:

A Sins J(100—a)? = y+ix:  Ar Sin s [(—100—0)° = —y —ix
Ar Sins (100+0)9 = —yLjx: ArSin's [(1004+0)% = y —ix
F.ex:

Ar Sin 0,91 j—219; s [(—100+40)° = 091 /79%; x=022, y=08
Ar Sin 0,91 /—219 = 08 — j 0.22

Ar Sin 0,42 [38%; s [(100—0)° = 0,42 /_62_9; x=0,22, y=0.35
Ae Sin 0,42 /387 = 035 + | 0.2

g Hyperbolic cosine of complex number

The Hyperbolic sine is transformed to circular sine by the following formulae:

Cof ( vtjv) = Cof (—u—jv) = sin (3 + [v] —j[u])
Cof (—u+ijv) = Coi ( v—jy) = sin (z — [v] —j[v])
F.ex: N - . ' 9
Cof (- -0,62+} 0,45) = sin (1,57—0,45—j 0,42) =sin(1,32 — j 0.42) = 1,0 /—12
Eof (—0.66— 0.67) = sin (1,57 +0,67—j 0.46) = sin(2,24 — j 0.46) = sin(z—(x 4 jy)) = sin(0.9 + j 0.46) = 0.9



h. To find argument with fixed Hyperbolic cosine
The same as b. and to put the got values x and y with sign into the following formulae:

sff =y +i(z—n

F.ex: 40,125 4 Quadront; x = 1,12 y = — 042

1.0 /=129 = —0.42 + j(1.57 — 1.12) = —042 + '] 0,45

but also - x=2.02; y=0,42 mit =—(x+iy) and then

10 /=127 = 042 + j(1.57 — 202) = 042 — 045

0,92 219 ; 1. Quadrant; x=0,9; y=0,46 bzw. x= 2,24; y=—0,46
092 /219 = 0,46 4 j 0,67 baw. = —0.46 — j 0,67

i. Tangent of complex number

if argument is given with real part and imaginary part x + jy , one can find the vector value 1 and the
versor 19 of the functional value from the tangent relief directly.

P -
gz =1g (x+jy) =t /0 =1.e'"

F.ex: '9 (036 +7j 06) = 064 /745
1g (—0,44 — j 0,38) = 0,58 [—147°
er§ﬁk.—:gilf:‘ig(x-{—jy)=ig(x'.|'.k:+i)')=’/_7’. s
1g (—9.69 —j038) = (—x + k=w —jy) = (=9.69+3 = —j 0.34) = (—026 — 0,34) = 0.42 /138
- - ol o 1
rd oS Ex S ¢ 2 gilt: tg(xjy) = 1 :tg(i% —(x+iM=1:0 =) = - [° ' .
1g (1,22—j 0,86) = 1 :1g(1,57—1,22+ 0,86)=1:1g(0,35+] 0,86) =1 : (0,76 [85%) = 1,32 /859
j- To find argument with fixed tangent value
If tangent value is given ( a + jb ), take the version i/ of =1 [ . With 1and = use the tangent relief to
find the values x and y and their signs.
Eex: "arc tg 0,58 [—147% = —0,44 — j 0,38 und quch =——;E —arc tg 1,72 /1479 = —1,13—j0,38 *)
arc g 132 /—85% = & —arc 1g 0.76/85% = 1,22 — j0,86 -andalso = 035 — | 0,86 =)
k. Cotangent of complex number

Cotangent is transposed to circular tangent by the following formulae:
cig (u+ijv) = 1 :1g(u+ijv) = _: =

Fex.: clg (0.5 + j0.67) = 1:1g(05+i0.67) = 1:(076/72%) = 1,32 /—729

clg (—0,38—j0.74) = 1:1g(—0,38—j074) = 1: (0,72 /—1209) = 1,39 /1209

. To find argument with fixed cotangent value

Use the following relationship: arc ctgt/z% = arc tg = j—

F.ex.: '

arc cig 2,08 [—144% = arc ig mﬂ = arc ig 0,48 M = —034 -+ j 035

arc cig 0,76 [85% = arc tg 1,32 ]—859 = 1,22 — j 0,86
m. Hyperbolic tangent of complex number

Hyperbolic tangent is transformed to circular tangent by the following formulae:

Cqg(utiv) = itelvl —iludi Tale—) = itel— vl ilu)
Gg (—v+iv) = jtglv] +ilubd: Te(u—iv) =itel=lv|—i ful
Fex.:. , +1009
Tg (—0,64+i022) = j 1g(+0.22 + j 0.64) = j 060 /84 o multiply by j means a turnaround by b

: 9
Tg (—0.64+j0,22) = 0,6 /184 g
Fq (—0,54—(0,64) = | tg (—0.Lk + j 0.54) = j 0.66 /1347 = 0,66 /166

* If there are one-many results better to use additionally ( also for sake of clarity) the extended
sine relief (see page 23).



n. To find argument with fixed Hyperbolic tangent

Depending, if ¢ 9 at 1%,2™, 3, or 4" quadrant, ¢ ¥ is to set equal ( 100 - 7) S (100+1)°
(-100-1) 9 or (- 100 + t) %, and then one reads x and y from the tangent relief and finds the
argument by the following formulae: -

Ar Tg t [(100—7)¢ = y+ix: Ar Tg t f—=100—)% = —y—ijx
Ar Ty t [(10047)9 = —y-+ix; Ar Tg t [(—1004+7)9 = y—ix
F.ex.:

Ar Ty 0,6 /184%; 5 [(10047)% = 0,6 [84%; x = 022; y = 0,64

Ar Ty 06 /1865 = 06k + j0.22

Ar Ig 0.66_/;—1669; s [(—100—2)9 = 0,66 /—669; x=0,44; y=0,54
Ar Tg 0,66 /—1669 = —0,54 — j0,44

o. Hyperbolic cotangent of complex number

Hyperbolic cotangent is transposed to hyperbolic tangent by the following formula:
g (v hiv) = 1: Tg (uiiv) =5 [—°
F.ex:
Ctg (0.76—i0,18) = 1 : g (0.76—j0,18) = 1 : jig{—0,18—]0,76) = 1 : (j0.66 [—110%) = (1,52 [110%) : |

Todivide by j means a rotation by - 100°

C1g-(0.76—j0,18) = 1.52 /109 ,
Ctg (—0.18—j0,76) = 1 : Ty (-—0.18—]0.76) = 1 : jtg(—0.76+]0,18)
1 : (j0,94/178%) = (1,06/—178%) : j

Ctg (—0,18—j0,76) = 1,06 j1228

0

p. To find argument with Hyperbolic cotangent

Take the correlation

Ar Ctgt /9 = Ar Tg + /=

F.ex.
e Ctg 1,52 /109 = Ar Tg 0,66 [—10%; t J(—100+90); x=0,18; y = 0,76
T =076 — 018
A Ctq 1,06 /1229 = Ar Tg 0,94 [—122%; t [(—100-22)F; x = 076; y = 0.18
= —0,48 — ] 076

Note: To avoid efrors and to find an idea for the possible solutions at ambigous solutions, see pages 22 and 23 (each a
extended relief of sine and tangent function!).

Ref. to these reliefs from several views, one gets the functions sinz, cos z, Cosz,jSinzor tanz,
j Tan z, j Cotan z, + cotan z, relating to the selected zero point.

The accurate values, however, will be found in the reliefs on the reverse side of the complex device.

© 1952 Copyright A.W. Faber-Castell, Stein bei Niimberg, Germany (German version)
1952 , written by Dipl. Ing. Harald Bachmann in A. W. Faber- Castell (German version)

1999 , translated by Dieter von Jezierski , Bahnhofstr.3 -D 90547 Stein (English version)
1999 , revised by Rodger Shepherd, M.D., M.P.H., Oakland CA, USA (English version)
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